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Abstract

In this paper we derivate mathematical formula of the reliability of
Rs = p[max(x_., ,%_4,) <min(x, ,x,,...,x.)] when x,,%,,..,x; are strengths
subject to one of the stresses x_.4 ,%_:5 assuming that xy ,x5 ,...,x_ %44 ,x_5» follow
Independent generalized Rayleigh distributions. It was estimated of Rs is given for the
distribution, by using (the following methods) maximum likelihood (ML), shrinkage
estimation (SH) (three type), least square (LS) and Bayes method (B). Also make a
comparison among results of the estimation methods of reliability function by mean square
error (MSE).

Keywords :Rayleigh distribution , maximum likelihood, shrinkage estimation, least square,
reliability system and Bayes method, reliability system.
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V. Introduction

The generalized Rayleigh distribution denoted by (GRD) is very important in various life
Applications, agriculture, biology, engineering and other sciences surplus and Padgett
in(Y43A-Y++V) introduced what is called burr distribution including generalized Rayleigh
distribution as special case (burr type x distribution).

The GRD has been studied extensively by kudu and ragab (Y++°), and GRD is particular
case of the generalized Weibull distribution generalized Weibull distribution as["+],[' ]
and [ Y]

F(x)=(1— e_':/;x:"g]x sx>0and o, 5, A0

When = 2, then this distribution reduce to generalized Rayleigh distribution .

The estimation of parameters of GRD has been discussed in the literature In (Y:)¢) Rao
studied the reliability system in “stress — strength model” for generalized Rayleigh
distribution through simulation [ ¥].

In (Y+)°), Abbas and May Mona, estimated the shape parameter of “generalized Rayleigh
distribution” using single stage Bayesian — shrinkage estimator[‘]. In this paper, the
estimation of Rs = p[max(x_,4,%_s;) <min(x, ,x,,...,x.)] is considered when
(xy.%5,...,x_) are strengths to one of the stresses (x.:4.x.:,) assuming that
(x4,%5,...,%, ,X_44 ,X_4,) follow independent generalized Rayleigh distribution using
different estimation methods and make a comparison using simulation.

Y- system reliability
In this paper, the estimation of Rs = p[max(x_,, ,x,:,) < min(x, x5 ,...,x.)] is
considered when (x4 ,x, ,...,x_) are strengths subject to one of the stresses (x_+q »%_42) .
Letxy %5 ,....%,,% 24 . X_35 be independent and follow “generalized Rayleigh
distribution” with shape parameter fi (i =1,2,...,z,z + 1,z + 2) and common scale
parameterA .
The pdf and cdf of x; are respecfively given by
() flx,B, ) =28 7 xe (1 — em(H)%)E
(Y) Forx =0;8,A>0 F(x,B,A) = (1— e &P
Then the distribution function of k = max(x_,, ,x_.,) isgiven by

=+2

HE) = p(k <) = | [ <) = pltss <10 *p(rasa < )
i=z+1

:[1 . E_{/'..x}‘],ﬁz_,_._ & [1 _ E—I:/'..x}‘],ﬂzu — [1 _ e—lifz}‘jzf;;_,_._.ﬁ’[ (\‘)
Also, the distribution function of min(x, ,x, ,...,x_) is given by
w(k) = min(xy , 25 ,...,%;) = l:[lep(xe > k) = plx, :’_k] plxy = k... plx, = k)
=(1—(1— e NEy e (1— (1— W) (1 — (1— e” W)k
(f) =IE. (1 - (1 - ™))
In series system, the system reliability is given by
Rs = p[max (x_.q ,%_;,) < min(x;,%,5,...,%x.)]

= [ w00« an o

i)
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f ﬁ(l —(1—- g-'izik}zjﬁ‘i] * d( [1 _ e_.:;_ﬂ:-.)Ef:;H g[)

i=1

-1

- [[[a-a- @5

* Z B.(1— E_Ifk}zjzf+:+ Biml oy o= & 972 o | = dk

=+2

FI+z -
Z jl_[(]-_ [:1 —|fk]l ],E’lj [1 —lxk] ) [=r+1 . e-uﬂf_k} L= dk

i==+1

—_—
. [—In(1—y
let y=1— e H)* 5 = i Gl )

A
dy
dk =
Efwa—lnql - vi(l—v)
o, IIm(1-(1— ™)) =TI, (1~ v%)
=1 — Z (_1)?‘1‘1—1 Z }FEE*_IE[}.
m=1 il=iZ..iz=1
There fore
=+2 =
Rs= ) B f - ( prte ) TR TR ALYy
i==z+1 il=i2..iz=1
=+2 3+; =
=Y s f YR Bt gy Z Z( e ) f YT B Bt
i==z+1 o i=z+1 il=iZ..iz=1g

=y
So, we have, Rs on the form
2 m . E+1 _
Rs=1-— ?;I;‘flﬁiz [: 1jm 1HZ:1 i2..iz=1 1UEJ‘.:"EJ+EL =z+Fi 1*dV

) . J

¥- maximum likelihood Estimators (MLE)
Let x4 %35 ,....,%;. (i=1,2,...,n) be random sample on strengths of (n) systems
following generalized Rayleigh distribution with shape parameter B;(i=1,2,...,z) ,
scale parameter A and x; .. ,x;  (i=1,2,...,n)be arandom sample on stresses
corresponding to (n) system, that follows a generalized Rayleigh distribution with shape
parameter f5;(i = z + 1,z + 2 ) and common scale parameter A

Then the likelihood function of x;; is given by

L[xu, E-,P.,)
m =+2

P oo £ z

j=1 =
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=+2 n =t+2 n =+l n =+12
[ [T T e T e e
i=1 i=1 =1 i=1 i=1 i=1

The log — likelihood function is given by
InL(x;;; B; . A)

=+2

=ﬂzlnﬁf+2n(z+zjln;,
i=1
+ izmx —ZiZ[f’ xu)—k(ﬁ _Uizmtl_ o~ (A=) ]
i=1i=1 i=1 j=1 i=1 j=1

Differentiating log — likelihood function partially with respect to /5; and equating it to zero
will be

9 Inl=0
B,
TT, & —rf_.x-.-:lz _
E—i_ In(1— e ¥4/ )=10
(-‘)Jéimla = — R (2
E_"I.-]'z._lm:i— e Xy
Fori=1,2,...,z,z +1,z+ 2 the estimates of Rs :i=1,2,...z,z+1,z+2is
given by
= = 1 E = L E = e %
R 1_Ef+z+llgzma Ef:l"l 1[ 1jm 1221 iZ..iz=1 Jp Y- _El"me-l- z+ EWLE dU
A ) ) v)
Note that f;,,,,, s biased since E (B.) = —; Lz, z+1,z+2
Hence By = “— Bimse = e —
E_:"l:*_l”':l_ g~ ¥if) 3
There fore
andvar (f,,) === Fori=1,2,...,z,z+1,z+2E(B,) = B,

¢- Shrinkage Estlmatlon Method
In, Y47A, Thompson proposed to shrink usual estimate § of the parameter £ to prior in
formation So using weight factor @(f). Such that 0 < @(£) < 1. we give the form of
shrinkage estimator of j; say f._,, will be
zsh ‘P[JB )Jgub—i_[l_qj[ﬁ )jﬁlﬂ‘
‘ Where
and B, = ik =B = T
T, Inf1- o~ (Fimea )y E;‘_}:‘_ln.:l_g-':ixij;' j
Fori=1,2,...,z,z+1,z+ 2
Now, it is possible to use the “shrinkage estimation method (SH)” for estimate the
parameter 5; of generalized Rayleigh distribution for three kinds of shrinkage estimation
methods

— Constant Shrinkage Estimation Method(SH )
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The constant shrinkage Weight factor will be qj[ﬁiub) = 0.01 . The constant shrinkage
estimators of f,;i=1,2,...,z,z+1,z+ 2 as follows

zsh ‘p[ﬁub)ﬁub + [:1 Ep[ﬁiub)jﬁiﬂ
Hence, the estimates of Rs based on constant shrinkage estimation method of
B.;i=1,2,...,z,z+1 z+ 2 is given by
Ry =1 L5220 Bion * Lo ()™ 1 Efimiiams E.le EieBine T Bora o dy
()

¢, 1- Shrinkage Function Estimator(sh 1)
We suggest the shrinkage function estimator (shY) for estimate the parameters
B;;i=1,2,...,z,z+1,z+ 2 and the system reliability Rs based on the shrinkage
weight function which is depends on sample size (n) will be

‘p[gub)_e_n
The shrinkage function estimators of B.:i=1,2,...,z,z+1,z+ 2 Will be
Bgo=e "B+ (1—e™Fo where B,;i=1,2,..,z,z4+1,z+4+2

Hence the shrinkage function estimator of system reliability Rs based on shrinkage weight
function is given by

Ei‘i‘h" Zf+;+1-l§zsh; Efﬂ 1( 1jm 12:1 iZ..iz=1 Dl-r El_ EL'ISM-FEL mEes ELSM ® dv
1)

£, "'Squared Shrinkage Estimator (sh )

Assume the squared shrinkage weight factor as

Btuh
- Etub_ |: B: }
T[ﬁiub) = =
i“ﬂ,li mb}
a) . Bin )
Therefore the squared shrinkage estimator 5,5 as follows
zshH T[ﬁub)ﬁub + (1 T[Jgiub)j *ﬁio
Hence, the estimates of Rs based on squared shrinkage method of
B.;i=1,2,...,z,z+1 z+ 2 is given by
- - = 1 T Z+I B
R =1— X700 Bions * Zoama ()™ By g o= 1Jr yLizaFijshs *Eizzea Bushs « dy

)

¢- Least Squares Estimator (LSE)
The random samples strength X, ; have generalized Rayleigh distribution two parameters f;

and A of size (n);i=1,2,...,z and i=1,2,...,n and stress random samples
Xoz1j 1 Xopaj follow  generalized Rayleigh  distribution ~ with  parameter

i=z+1,z+2and A of size (n)
s=3r [F(x,;) - E(F(x;)] fori=1,2,..,z,z+1,z+2andj=1,2,...,n
We have

]* ey i=1,2,...,z,z+1,z+12

. 2
F(x;)=(1- e~(2=i)" 8 angd E(F(x;) = p;
Suchthatp,; = —— fori=1,2,...,z,z+1,z+2andj=1,2,..,n

B
Now, we consider F(X;;) — E(F[XU.}] and (1 — g~(4xy) ) = et
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n 3
F o z =
5= Z [lnpi}- — 5, In(1— e~ (A=) ]]
=1
n 3
. 1 & F o Z
5 zz [1npz-}- — B, In(1— e~ (#xy) ]] x [ln(1 — g~ (Axy) ] =0
L _;l=1
n (ax:)
- n_ Inp;Ini1-e i)
B =tmlegltoe T e o zz41,2+2andj=1,2,...,n

E".-l:._llﬂlil—ﬁl_[}'"“-i-"':I 1*
Hence, the estimates of Rs based on least squares estimator of
B.;i=1,2,...,z,z+1,z+ 2 isgiven by

- . _ 1 FM B 4yEeE o
R =1-ZE Baee * Trma (1) Efizin iama 0 y s Btse Ei22 Base o gy
")

1-Bayes method (B)

Let x;; follow generalized Rayleigh distribution with two parameters f5; and A of size
(n).Now, we have to find the Bayes estimate for £; suchthati =1,2,...,z,z+1,z+ 2
using non-information prior distribution g (5;) based on modified extension of Jeffery prior
and square loss function, as follow

The modified extension of Jeffery prior can be find by g (5;) o< [1 (8,)]°

a1 (a0 B A
Where 1 (8,) = —nE [=L24A2]
i

There fore
g(B)=knB, ¥ fori=1,2,....,z,z+1,z+2
The likelihood function L(x;; .5, .4) will be

n

2o . . z
L[x:.}. ”G':_ ,.-'i.,) = 2" ﬁ-in 1_[ x; e_/_EEJ'.-‘:._Lx[J.- z 1_[[:1 . E_I-./'x[_f:l j,[?[—l
i=1

=1

The joint p.d.f. H(x;;,B;,4) is given by
H[xi}- ”82_ ) = pn in;,vzn l_[xi_;' e—j_iz?z,_{x[j}i l_[[l _ e—liix[j)""j,ﬁ’[—l kncﬁi—h
i=1

i=1

The marginal p.d.f. of x;; will be
p[x:.}.) = ..r;: 2mn ﬁin,ﬁv:n l_[;_’:lx:_}_ E_/f' E_'f:'_':xi_f:' Hf:l(l _ E—l__/'.x[_l-'] :],E’[—l kﬂcﬁi—zc dﬁ:
Then the posterior distribution @ (x;; ; 5; ) fori =
1,2,...,z,z+1,z+2, j=1,2,...,nisgiven by
H(x;;; B;)
w(xys B ) =———<—
p[xi_;l'j

52
R n JS S0
ﬁi?‘!—;c E_'E[E_lelnl‘i_a SRSy

oo - - T i T U —IT/-..,‘:.".'.}E -1
ID ﬁin—;c e ELEJ.-:._Lnlxl g vUEHS Y fiﬁi

Now, we let
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y =5 (1 ey
i=1

Therefore

Z
_[.j_::l:_l_- \I

. z N—-2C+1
n=2c —S[Er}_, Infa—e * L -
IEL a =1t 4 1

[z}:,_:n.:l-a":f-xifl' )2
Tf[xe; ; B, ) = Tin—2c+1) ()
Now, by using square error loss function which id defined below
L[ﬁi HBE) = k[ﬁf - ng')g
R[ﬁi’ﬁi} = E[L[Jéi ’JB:')]

R(ﬁi’ﬁi} = J. k(ﬁz‘ - 1‘95)2 * m(x;;: B;)dB;
0

b

v

" I N—-To+1
5 I mn-zrc —S'E'.'_, :i"l.l:‘_—E'
k(B —p) BT e TR

E:lz !nl:l—ﬂ_li';' ij ) Tt

N "r“' T(n—2c+1) df,
T P —f&x[_l::lz -1 i W2 fl—2C04+1
E[n_z':a_'g[z-'::“ml'__e . : [E?:-_!nl:l—a_[”'x[_fxl }_:]
= = . ] - ® =
af; fD Ek[ﬁi ﬁi} ' T(n—2c+1) dp,
We let
y= ‘B"Z In(1— e (x5l )1
i=1
¥
Bi=— rF—
Z}':lln(l_ e YTy ]
dy
dﬁf = - :Iz
n —| A . -
I, In(1—e V) )t
There fore
5 F(n—2c+1)

JB:' - PR z
I(n—2c+1) E;-lzlln(l _ e—l._x.xl-_l.-:l )t

Then, we have
- (n—2c+ 1)
Ty In(1— e":‘;':‘ij:'z:]‘l
7=1
We assume c=Y therefore the Bayes estimator for
B (i=1,2,...,z,z+1,z+2,i=1,2,...,n)is given by
Bis = — )

E?:._lnl:l—a_[’-'xl‘i:l 3
Hence the estimates of Rs based on Bayes estimator for
gi(i=1,2,...,z,z+1,z+2,i=1,2,...,n)isgiven by

Bop=1-X22, fp+Xs_ (—1)™ X2 Lyl Pt i BE w gy (e

il=iZ.iz=1Jy
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V- Simulation Study
A simulation study will be conducted to show the estimator behavior of series system R,
for generalized Rayleigh distribution by generating Y+ ++ samples of different size for

different value of z and the parameters (4, f5;,

182,

..., Brs+1) as in tables. by the

simulation study for the parameters considered, the value of maximum likelihood,

shrinkage estimation (three type), least square and Bayes method for R,

with MSE are

present in tables ()-1). “Monte Carlo simulation” is performed to compare the
performances of the different methods of estimation for R. . Math lab program was used in
this research to estimate the distribution parameters

.. estimates of R;‘Table

k=4m=100n=151=3.aqy = 3,8, =3. 1 a3 = 3.2, a, = 3.3
-3 g R, R omie R zhy R ong R zoh Rzze Aep
Yo ¢ Ve EVAOAA RS NAN: DREAET\N) IEEAARN e EVIYE v 2 OYYOA YAV
¢ ° CYAe LR YA COYAVAY YAV CAFAYYA «.+YYooq
o0 1 v vYYaao e YAATE DERRARE o Yvayy DERRARA] A RRRYN IERAEEAA
1.0 v caNavy . YYACT OV YAYA EEEEA; NEELE COYAD EEYY
.. MSE for estimates of R; YTable
k=4m=100n=151=3.0qy = 3,8, =3. 1 a3 = 3.2, a, = 3.3
G5 | &g R ome Rzohy R zohz Bocns Ao Rz | Best
Yo ] CoTYAYEOAAT | v v \ N YAYLY [ v vee e idaran Y EAYV V106N C e EAAATYYYY zhl
¢0 ) aaYAYYAAY LG | v v R YoAYY veeececdAATd0 vaedTAS e TIY IEAARAZY-A shi
¢
oo 1 A e YOYYY C o reeaalYEAY. CAFAY L CAAYE « A AOYEAY shl
Y
) v Cor e VOYYVYYET | v v IR AAY voreear el YOEQY ca e )VYYATYovA v a0 YVAYYE shl
« 4
.. estimates of R;YTable
k=3m=100n=154=3. a1 =3, a; =3 1L.a; = 3.2
-3 g R, R omie R zhy R ong R ioha Rzze Aep
Yo ¢ A YYYAA A ANAR! o YYEYAA « 2 YYYoo DERARER « 2YT1AYO v Yo YA
.0 ° e EAOIT CeoNNYY gAY «1thcoo o EACYE CoTYYE YR
oo 1 LYY LYooy CAYYYYY LYYYiO CAYYYOT [ LYV L aYVioY
No v CYYaeq N TING CeYYaeq CeYYany CAYTAOA [ W L YAEYA C)avYE
.. MSE for estimates of R ¢ Table
k=3m=100n=154=3.ay = 3,0, =3. 1. a; = 3.2
&5 | & R e Rohs Rocn Rocpa Rojee R | Best
Yo ¢ L NIYTACTIYS [ v i Y Canaaas YoYyY4 Can XYY EVAA [ o YECACATALY CeATYAAYYVA =hil
Z.D o -.-~~°/\V21T'\q0 ~~~~~~~~~~~~~~ Cver e \ARRN ....~~~-~‘l°1v\/ ~.-~\iVV--\1/\\ e E0TAYAL DY Shl
q
) 1 CoeaTOVAYYYED [ v v R EYVEY [ v v v e a YOIV WA [ e AT Y CeYTOTYFYYYY =hl
1
1o VI o oeomaveteva | v v e YZOA) ARV C e OAATYY.Y. © e v 2 )0 OVYVOA shl
Y

.. MLE for estimates of H;°Table
E=2Zm=10n=154A=3.q;=3.a; =3.1
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1 ] Lif R e Roopy R ocn R ohg B R

Yo ¢ L Yanry CAFYALT CIYATYA CAYATAT “YYate. CAYVEVY «)VYV.o

¢.0 o R - v +4904Y v 9000 00y R LR «. +944v4 v 2 AYYov

oo 1 CaYYAYES VI e NAREEE CaVYVE VYT «.+VAoo. Corry

10 v CoVYE. «aTatoey C A oVFE) « oV C oYYy CTYYY. < £4A0T,

.. MSE for estimates of R;"Table
k=2m=10n=151=3,a; = 3,a; = 3.1
Os | &g R e R oong R e R ok Roee Rz Best
Yol ¢ «ooveaAragt.. RN £ v eeeeaaryngay Levea e ETEASY ceo)avYEavie S YYOAYYY £ shl
¢ 0o o | «.eayoYYYYVIVA. Crreaaeaes Y[ eeeercaravea s YYYUY0 CYYOTN AV £ < 1Yd9ovayvao =hl
o0 1 oo Y eayadevvyn TR Y voev el YYYESS EEEEEEERETAR RARAREE AT EEEIAREA N AR shl
o | V[ L eeVYYEAAVY L [ i Y e qraY. CveeeaVAoY. COYE EAYYAL | v e eT.qA0YVAY <hl
Conclusions

From estimations reliability of (z+ ) components series system of the “stress - strength

model” that are subject to one of the stresses, while the “stress and the strength” follow

generalized Rayleigh distribution of the tables ’- 7 which contain component for strength

and to one of the stresses, one can find the proposal shrinkage estimation method using

constant shrinkage estimation method (sh ), performance good behavior and it is the best

estimator than the others in the sense of MSE.
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